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Abstract. We introduce anti-invariant Riemannian submersions from Sasakian man- 
ifolds onto Riemannian manifolds. We survey main results of anti-invariant Riemann- 
ian submersions defined on Sasakian manifolds. We investigate necessary and suffi- 
cient condition for an anti-invariant Riemannian submersion to be totally geodesic 
and harmonic. We give examples of anti-invariant submersions such that character- 
istic vector field ^ is vertical or horizontal. 



1. Introduction 

Let be a C°°-subniersion from a Riemannian manifold {M^qm) onto a Riemannian 
manifold {N,gN). Then according to the conditions on the map F : {M,gM) {N,gN), 
we have the following submersions: 

semi- Riemannian submersion and Lorentzian submersion [9] , Riemannian submersion 
([IS] J Hn])) slant submersion ([7], [H]), almost Hermitian submersion [53], contact- 
complex submersion |14| . quaternionic submersion |13| . almost /i-slant submersion and 
/i-slant submersion [18| , semi- invariant submersion |22j , ft.-semi- invariant submersion |19| , 
etc. As we know, Riemannian submersions are related with physics and have their appli- 
cations in the Yang-Mills theory ([5], [21]), Kaluza-Klein theory ([6], [H]), Supergravity 
and superstring theories (|12j. |25j). In [20) . Sahin introduced anti-invariant Riemannian 
submersions from almost Hermitian manifolds onto Riemannian manifolds. In this paper 
we consider anti-invariant Riemannian submersions from Sasakian manifolds. The paper 
is organized as follows: In section 2, we present the basic information about Riemannian 
submersions needed for this paper. In section 3, we mention about Sasakian manifolds. 
In section 4, we give definition of anti-invariant Riemannian submersions and introduce 
anti-invariant Riemannian submersions from Sasakian manifolds onto Riemannian man- 
ifolds. We survey main results of anti-invariant submersions defined on Sasakian man- 
ifolds. We give examples of anti-invariant submersions such that characteristic vector 
field <^ is vertical or horizontal. 

2. Riemannian Submersions 

In this section we recall several notions and results which will be needed throughout 
the paper. 

Let [M, qm) be an m-dimensional Riemannian manifold , let {N, g^) be an rt-dimcnsional 
Riemannian manifold. A Riemannian submersion is a smooth map F : M — s- iV which is 
onto and satisfies the following three axioms: 
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5*1. F has maximal rank. 

5*2. The differential preserves the lenghts of horizontal vectors. 
The fundamental tensors of a submersion were defined by O'Neill ([IS],[II]). They are 
(1, 2)-tensors on M, given by the formula: 

(2.1) T{E,F) = TeF = nWvEVF + VWvEnF, 

(2.2) AiE^F) = AeF = VVnEHF + H\/nEVF, 

for any vector field E and F on M. Here V denotes the Levi-Civita connection of {M, ghi)- 
These tensors are called integr ability tensors for the Riemannian submersions. Note that 
we denote the projection morphism on the distributions keri^^, and (keri^.^)-'^ by V and 
■H, respectively. The following Lemmas are well known (|16).[T7]). 

Lemma 1. For any U,W vertical and X,Y horizontal vector fields, the tensor fields T, 
A satisfy: 

(2.3) i)TuW = TwU, 

(2.4) ti)AxY = -AyX = ^V[X,Y]. 

It is easy to see that T is vertical, Te — Tve and A is horizontal, A = A-he- 
For each q G N, F^^{q) is an (m—n) dimensional submanifold of M. The submanifolds 
F^-^{q), q G N, are called fibers. A vector field on M is called vertical if it is always 
tangent to fibers. A vector field on M is called horizontal if it is always orthogonal to 
fibers. A vector field X on M is called basic if X is horizontal and i^-related to a vector 
field X on TV, i. e., F^Xp — X^F(p) for all p S M. 

Lemma 2. Let F : [M^qm) {X,gN) bs o, Riemannian submersion. If X, Y are basic 
vector fields on M , then: 

i) gM{X,Y)^gN{X,,Y,)oF, 

ii) nlX.Y] is basic, i^-related to [AT*,!"*], 

Hi) H{VxY) is basic vector field corresponding to Vj^^K, where V* is the connection 
on N. 

iv) for any vertical vector field V, [X, V] is vertical. 

Moreover, if X is basic and U is vertical then T-LiVuX) = 7i{VxU) = AxU. On the 
other hand, from (|2.ip and (|2.2p we have 



(2.5) VvW = TvW + VvW 

(2.6) VyA = HVvX + TvX 

(2.7) VxV = AxV + VVxV 

(2.8) VxY = nVxY + AxY 



for X,Y e r((keri^*)^) and V,W e r(kerF*), where i/yW = VVyW. 

Notice that T acts on the fibres as the second fundamental form of the submersion 
and restricted to vertical vector fields and it can be easily seen that 7" = is equivalent 
to the condition that the fibres are totally geodesic. A Riemannian submersion is called 
a Riemannian submersion with totally geodesic fiber if T vanishes identically. Let 
Ui, Um-n be an orthonormal frame of r(keri^*). Then the horizontal vector field H 

m—n 

= — i — > Tu Ui is called the mean curvature vector field of the fiber. If H = the 

J = l 
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Riemannian submersion is said to be minimal. A Riemannian submersion is called a 
Riemannian submersion with totally umbilical fibers if 

(2.9) ruW = gM{U,W)H 

for U,W E r(keri^,). For any E G T{TM),Te and Ae are skew-symmetric operators 
on {T{TM), qm) reversing the horizontal and the vertical distributions. By Lemma 1 
horizontally distribution TL is integrable if and only if A =0. For any D,E,G G r{TM) 
one has 

(2.10) giTDE,G)+giTDG,E)=0, 

(2.11) g{ADE,G)+g{ADG,E)^0. 

We recall the notion of harmonic maps between Riemannian manifolds. Let {M,gj^i) 
and (N^gi^) be Riemannian manifolds and suppose that ip : M ^ N is a smooth 
map between them. Then the differential ip^ of tp can be viewed a section of the bun- 
dle Hom{TM, ip^^TN) M, where (p~'^TN is the pullback bundle which has fibres 
{ip'^TN)p = T^{p)N, p e M. Hom{TM,(p^^TN) has a connection V induced from the 
Levi-Civita connection V^^ and the pullback connection. Then the second fundamental 
form of if is given by 

(2.12) (v^J(x,y) = v^^,(r) - ^,(v^V) 

for X,Y T{TM), where is the pullback connection. It is known that the second 
fundamental form is symmetric. If 1^9 is a Riemannian submersion it can be easily prove 
that 

(2.13) (v^j(x,r)-o 

for X,Y £ r((kerF*)^).A smooth map (p : {M,gM) ~^ {N,gN) is said to be harmonic 
if trace{V(p^) — 0. On the other hand, the tension field of ip is the section T{(p) of 
T{ip-^TN) defined by 

m 

(2.14) T{ip) = divif, = ^(V^J(e,, e,), 

1=1 

where {ei, Cm} is the orthonormal frame on A'l . Then it follows that is harmonic if 
and only if t{'p) = 0, for details, [1]. 

3. Sasakian Manifolds 

An n-dimensional differentiable manifold M is said to have an almost contact structure 
{4>,£,,r]) if it carries a tensor field of type (1, 1), a vector field ^ and 1-form ry on M 
respectively such that 

(3.1) + c/.C = 0, 7700 = 0, 77(0 = 1, 

where / denotes the identity tensor. 

The almost contact structure is said to be normal ii N + drj (g) £^ — 0, where N is the 
Nijenhuis tensor of (j). Suppose that a Riemannian metric tensor g is given in Af and 
satisfies the condition 

(3.2) g{<l>X,cbY)^g(X,Y)-r^{XUY), f^{X)^g{X,0. 

Then (0, ^, 77, (;)-structure is called an almost contact metric structure. Define a tensor 
field $ of type (0,2) by ^{X,Y) = g{(t)X,Y). If dij = $ then an almost contact metric 
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structure is said to be normal contact metric structure. A normal contact metric structure 
is called a Sasakian structure, which satisfies 

(3.3) {Vxcl))Y^g{X,Y)^-7jiY)X, 

where V denotes the Levi-Civita connection of g. For a Sasakian manifold M = M^""*"^, 
it is known that 

(3.4) R{^,X)Y = g{X,Y)(-rj{Y)X, 

(3.5) SiX,0^2nr^iX) 
and 

(3.6) Vxe = -cl^X. 

m- 

Now we will introduce a well known Sasakian manifold example on R^"+^. 

Example 1 ([2]). We consider M.'^'''+'^ with Cart esian coordinates {xi,yi,z) (i — l,...,n) 
and its usual contact form 

1 " 

V = -^{dz -^Vidxi). 

i=l 

The characteristic vector field ^ is given by 2-^ and its Riemannian metric g and tensor 
field (j) are given by 

^ n / S,, \ 

9= jiv(^V + Y.^{dx,f + {dy,f), (/)= -S^J , i^l,...,n 
»=i V yj J 

This gives a contact metric structure on M^"+-'^. The vector fields Ei — En+i — 

^ y^'§z^ ' ^ form a (j)-basis for the contact metric structure. On the other hand, it 

can be shown that M.'^"^^{<p,^,rj,g) is a Sasakian manifold. 

4. Anti-invariant Riemannian submersions 

Definition 1. Let M{(j), ^,r], gM) be a Sasakian manifold and {N,gj^) be a Riemann- 
ian manifold. A Riemannian submersion F : M{(j),^,ri,gM) (A^j5Af) is called an 
anti-invariant Riemannian submersion i/keri^* is anti-invariant with respect to 4>, i.e. 
0(kerF,) C (kerF,)-^. 

Let F : M{(j),S,,r], gM) — > (A^, ffiv) be an anti-invariant Riemannian submersion from 
a Sasakian manifold M{(j3, ^, rj, gM) to a Riemannian manifold (A^, gn). First of all, from 
Definition 1, we have (/)(ker i^*) fl (ker F*)-*- ^ {0} . We denote the complementary orthog- 
onal distribution to (^(kerF*) in (kerF*)-^ by /i. Then we have 

(4.1) (kerF*)-L = 0kerF* ©/X. 

Now we will introduce some examples. 

Example 2. has got a Sasakian structure as in Example 1. The Riemannian metric 
tensor field is defined 

' 1 

1 
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Let F : 



be a map defined by F{xi,X2,yi,y2, z) = [xi + yi,X2 + y2)- Then, 



by direct calculations 

kevF^ = span{Vi = Ei - E3, V2 = E2 - E^, V3 = E5 = ^} 

and 

(kerF*)-L = span{Hi =Ei+ E3, H2 = E2 + E4}. 

Then it is easy to see that F is a Riemannian submersion. Moreover, (pVi = Hi, (j)V2 — 
H2, 0V3 = imply that 4'{kev F^) = (kerF^)-^. As a result, F is an anti-invariant 
Riemannian submersion such that ^ is vertical. 

Example 3. Let N be - {{yi,y2,z) £ | _^ y| < 2} and be a Sasakian 
manifold as in Example 1. The Riemannian metric tensor field qn is given by 



1 



9n = 
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on N. 

Let F -.M.^ ^ N be a map defined by F{x\,X2,yi,y2, z) 
After some calculations we have 



{xi+yi,X2+y2,^ + 



and 



ker = span{Vx = Ei - E3, V2 = E2 - E4} 
(kerF*)-L = span{Hi = Ei + E3, H2 = E2 + Ei, H3 = E5 = ^} 



Then it is easy to see that F is a Riemannian submersion. Moreover, (f>Vi — Hi , <f)V2 = 
H2 imply that 0(kerF*) C (kerF*)-"- = ^(keri^*) © {^}. Thus F is an anti-invariant 
Riemannian submersion such that ^ is horizontal. 

Example 4. Let N be M^- {(yi, ^2, ya, z) \ yl+yl+yl- ylylyl < 2}and be a 
Sasakian manifold as in Example 1. The Riemannian metric tensor field qn is given by 
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on N. 
LetF 

yi <yi 4 
2^2^ 



'R'^ ^ N be a map defined by F{xi,X2,X3,yi,y2,y3, z) = {xi +yi,X2- 
z, 2:3 + 2/3, X3 — 2/3) . After some calculations we have 

kevF^ = span{Vi = Ei - Ei, V2 = E2 - E^} 



(kerF*)-^ = span{Hi = Ei+Ei, H2 = E2+E5, H3 = E3-EQ, Hi = E3+Ee,H5 = ^ ^ Er} 

Then it is easy to see that F is a Riemannian submersion. (pVi = Hi, (j)V2 — H2 imply 
that (/)(kerF*) C (kerF*)-"" = 0(kerFt) © span{H3,Hi,Hc,^. So F is an anti-invariant 
Riemannian submersion such that ^ is horizontal. 
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4.1. Anti-invariant submersions admitting vertical structure vector field. In 

this section, we will study anti-invariant submersions from a Sasakian manifold onto a 
Riemannian manifold such that the characteristic vector field ^ is vertical. 

It is easy to see that /i is an invariant distribution of (keri^*)-*-, under the endomor- 
phism (p. Thus, for X G r((keri^,)^), we write 

(4.2) (j)X = BX + CX, 

where BX e r(kerF,) and CX e r(^). On the other hand, since F^{{ker F^)^) = TN 
and -F is a Riemannian submersion, using (14. 2p we derive gj^(F^:(f>V, F^,CX) = 0, for every 
X e r((kerF*))-L and V G r(kerF*), which implies that 

(4.3) TN = i^,(0(kerF,)) ® F,(/i). 

Theorem 1. Let M((j), ^, rj, qm) be a Sasakian manifold of dimension 2m+l and {N^ g^^) 
is a Riemannian manifold of dimension n. Let F : M{(j),^^r], gM) (-^jffAf) be an anti- 
invariant Riemannian submersion such that cj) (ker F^,) = (ker.F*)^. Then the character- 
istic vector field ^ is vertical and m — n. 

Proof. By the assumption 0(kerF*) = (kerF*)^, for any J7 G r(kerF*) we have 17^/(^7 0f^) = 
—gM {(!)£,, U) = 0, which shows that the structure vector field is vertical. Now we suppose 
that Ui, t/fe_i,^ = Uk be an orthonormal frame of r(kerF,t), where k — 2m — n + 1. 
Since (/)(kerF*) = (kerFn,)-*-, (f>Ui, (pUk-i form an orthonormal frame of r((ker _F*)^). 
So, by help of ()4.3p we obtain k — n -\- I which implies that m = n. □ 

Remark 1. We note that Example 2 satisfies Theorem 1. 

Theorem 2. Let M((j),^,ri, gi^[) be a Sasakian manifold of dimension 2m-\-l and {N , g n) 
is a Riemannian manifold of dimension n. Let F : M((j), ^^r], gM) (-^j 5Jv) be an anti- 
invariant Riemannian submersion. Then the fibers are not totally umbilical. 

Proof. Using (|2.5p and (|3.6p we obtain 

(4.4) Tu^ = -0C/ 

for any U G r(ker F^,). If the fibers are totally umbilical, then we have TuV ~ gniU, V)H 
for any vertical vector fields U, V where H is the mean curvature vector field of any fibre. 
Since 7^^ = 0, we have H = 0, which shows that fibres are minimal. Hence the fibers 
are totally geodesic, which is a contradiction to the fact that Tu£, — —ipU 7^ 0. □ 

From (|3.ip and (|4.2p we have following Lemma. 

Lemma 3. Let F be an anti- invariant Riemannian submersion from a Sasakian manifold 
M{4',S,,r], gM) to a Riemannian manifold (iV, g^r). Then we have 

BCX = 0, 
C^X + (j)BX = -X, 

for any X G r((kcrF*)^). 

Using (|3.3p one can easily obtain 



(4.5) yxY = -(j)Vx<pY + g{Y,cl)X)^ 

for X,Y e r((kerF,)^). 
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Lemma 4. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold 
M((j),^,ri, qm) to a Riemannian manifold {N^qn). Then we have 

(4.6) CX = -Ax^, 

(4.7) gMiAx^,^U)^0, 

(4.8) gMi^vAx^, ^U) = -gM{AxS„ MyU) + Tj{U)gM{Axi, Y) 
and 

(4.9) gMiX, AyO = -9m{Y, AxO 
for X,Y e r((kcri^,)^) and U £ r(kerF*). 

Proof. By virtue of ((2?7t and ((3^ we have (|46|) . 

For X e r((kerFO^) and U £ r(kerF,), by virtue of dS^l), and (gH) we get 

(4.10) 5M(^xe,0f/) = -.9Af(0^-SX,0t/) 

= -gM{X, U) + r](X)r7(f/) - gM^X, U). 

Since t^BX e r((kerF*)-L) and £_ e r(keri^*), implies 
Now from (|4.7p we get 

5Af(Vy^xe,0t^) = ".9Af(^xe, Vy<?!>L/) 

for X,r e r((kerF»)-L) and U G r(keri^,). Then using (HT]) and (03]) we have 
gni^vAx^, 4>U) = -5A./(^x^, Myt/) - gniAxi, ^(VVyt/)) + 77(t/)5A/(^xe, Y). 

Since <?!)(VVy?7) £ r((/)kerFH.) = r((kerFH.)^), we obtain gH]). 

Using ((2ll|) . we obtain directly (|4Jl) . □ 

We now study the integrability of the distribution (ker^F!,)^ and then we investigate 
the geometry of leaves of keri^* and (keri^,)^. We note that it is known that the distri- 
bution keri^, is integrable. 

Theorem 3. Let F be an anti-invariant Riemannian submersion from a Sasakian man- 
ifold M{(l),^,r],gM) to a Riemannian manifold {N,gN). Then the following assertions 
are equivalent to each other; 

i) (keri^,)^ is integrable. 
ii) 

gN{{VF,){Y,BX),F,(j)V) = .gAr((VF,)(X, BF), F,0T/) 

+9M{Axi, MyV) - gAiiAvt MxV). 

Hi) 

gniAxBY - AyBX, ^V) = gniAxS,. MyV) - gniAv^, MxV) 
for X,Y e r((kerF*)^) and V G r(keri^,). 

Proof Using gU, for X,Y e r((keri^,)^) and V e r(keri^,) we get 
gM{[X,Y],V) = gM{VxY,V)-gM{VYX,V) 

- gM{Vx<pY,(t>V) - gM{VY(I^X,(t>V) + 2gM{4'X,Y)gMiV,0- 
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Then from (|4.2|) we have 

gM{[X,Y],V) = gM{VxBY,cpV)~ gM{yxAY^,W)- gM{VYBX,cpV) 

+gM{VYAxL W) + 2ffM(0X, Y)gM{V, 0- 

Using (|2.2p . (12.71) and if we take into account that F is a Riemannian submersion, we 
obtain 

gM{[X, Y],V) = gN{F,\/xBY, F,(j>V) - gAiiVxAy^, (l>V) 
-gNiF.VyBX, F,cf>V) + gMi^vAxt ^I^V) 
-2gM{Axi,Y)gM{V,0- 
Thus, from ((27T2| and ([48l) we have 

5M([X,r],y) = gN{-iVF,){X,BY) + {VF,){Y,BX),F,(f>V) 
+gM{AY£„ MxV) - gniAx^, MyV) 
which proves {i) (ii). On the other hand using (|2.12p we get 

(VF,)(y,SX) - (VF,)(X,Br) = -F^iVyBX ^VxBY). 
Then (|27l) imphes that 

(VF,)(y,BX) - {VF,){X, BY) = -F,{AyBX -AxBY). 
From (1221) AyBX - AxBY G r((kerF*)^), this shows that (ii) ^ (in). □ 

Remark 2. If cj) {kei F^,) = (keri^*)^ f/ien we ^et C — and morever implies that 

TN = F,{(j>{kerF,)). 

Hence we have the following Corollary. 

Corollary 1. Let F : M{(f>, ^,7], gM) — (N^g^) be an anti-invariant Riemannian sub- 
mersion such that (j)(kei F^,) — (kerF*)^, where AI{(f>,^,r],gnj) is a Sasakian manifold 
and {N,g]\[) is a Riemannian manifold. Then following assertions are equivalent to each 
other; 

i) (kerF*)^ is integrable. 

ii) {\/F,)(Y,(j)X) = {yF,){X,4>Y) for X,Y ^ r((kerF,)^). 

iii) Ax(i>Y = AY(i)X. 

Theorem 4. Let F be an anti-invariant Riemannian submersion from a Sasakian mani- 
fold M((j),S,,r], gM) to a Riemannian manifold (iV, y^r). Then the following assertions are 
equivalent to each other; 

i) (keri^H,)^ defines a totally geodesic foliation on M. 
ii) 

gMiAxBY, <j)V) = -gAiiAvt MxV). 

in) 

.gAr((VF,)(X, 4,Y), F,W) = 9m{Ay(., MxV) - gAiiAyC, X)r^{V) 
for X,Y e r((kerF*)-L) and V G r(kerF,). 

Proof From (|277l) . (j4?2|) . (j4?5|) and (|48l) we obtain 
(4.11) 

gniVxY, V) = gAiiAxBY, (/)¥) + gAiiAy^, MxV) - {gAiiAy^, X)+gM{Ax^, Y))fj{V) 
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for X,Y € r((kerF,)-L) and V £ r(kcrF,). Using gSJ in (jlHj) we get 

gni^xY, V) = gMiAxBY, (bV) + gAiiAy^, MxV) 

The last equation shows (i) <^ (ii). 

For X,Y e r((keri^,)^) and V £ r(kerFO, 

gM{AxBY,^V) = -gMiAY^.MxV) 

^ gMiVxAy^, <I>V) - gM{X, AvOviV) 

(4.12) ^ -gM{V x<iyY,cpV) + gui^ xBY,(jyV) - gM{X,AYi)^l{V) 
Since differential i^, preserves the lenghts of horizontal vectors the relation (|4.12l) forms 

(4.13) gM{AxBY, c^V) = g^^F^V xBY, F,cf>V) - gMi^x^l^Y, c/^V) - guiX, AyOv{V) 
Using (jMl, dSSl), (|2A2|) and (|2l3l) in (|4J3l) respectively, we obtain 

gM{AxBY,W) = gN{-{'7F^){X,cpY),F,<j>V) - gMiX.AvOriiV) 
which tells that (ii) <^ [Hi). □ 

Corollary 2. Let F : M{(f),^,'i],g]\j) — )■ {N,gj^) be an anti-invariant Riemannian sub- 
mersion such that (j)(ker F^,) = (keri^,)-'-. Then the following assertions are equivalent to 
each other; 

i) (keri^,)^ defines a totally geodesic foliation on M. 
a) Ax(t)Y = 0. 

Hi) {VF^){X,(t>Y) ^OforX,Y£ r((kerFO^) and V e r(kerF,). 

We note that a differentiable map F between two Riemannian manifolds is called 
totally geodesic if Vi^, = 0. Using Theorem 2 one can easily prove that the fibers are 
not totally geodesic. Hence we have the following Theorem. 

Theorem 5. Let F : M{(j),^,ri,gM) — >■ {N^g^) be an anti-invariant Riemannian submer- 
sion where M{(j)^^,ri,gM) is a Sasakian manifold and (N^g^) is a Riemannian manifold. 
Then F is not totally geodesic map. 

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian 
submersion such that 0(keri^*) = (kcri^,)^ to be harmonic. 

Theorem 6. Let F : M{(j)^S^,rj, gM) {X,gN) be an anti- invariant Riemannian sub- 
mersion such that (j)(kei F^,) = (kerF*)-*-, where M{(l),^,ri,gM) is a Sasakian manifold 
and (TV, gjv) is a Riemannian manifold. Then F is harmonic if and only if Trace(pTv = 
{2m - n)r]{V) for V G r(keri^,). 

Proof. From [5] we know that F is harmonic if and only if F has minimal fibres. Thus 

k 

F is harmonic if and only if T^^e^ — 0, where k = 2m + 1 — n is dimension of kerf* . 

On the other hand, from (^3]) . (1^ and (153)) we get 

(4.14) Tv(j)W ^ (t)TvW ~ Tj{W)V g{V,W)^ 
for any W, V e r(kerF,). Using (|4.14l) . we get 

k k 

Y,gM{TeAe.,V) = -J29M{re,e,,c^V) + {k - 1)tj{V) 

i=l i=l 
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for any V £ r(kerF*). (l2?T0l) implies that 



fc k 

Y,gKMe,,Te^V) ^J29M{Te^e^,ct>V) - {k - 1)7^{V) 

2 = 1 1=1 

Then, using (|2.3p we have 

k fc 

^gM{<l>ei,Tv Ci) ^^gM{Teiei,(pV) - (fc - l)v(V). 

2=1 1=1 

Hence, proof comes from (I3.2p . □ 

4.2. Anti-invariant submersions admitting horizontal structure vector field. 

In this section, we will study anti-invariant submersions from a Sasakian manifold onto 
a Riemannian manifold such that the characteristic vector field ^ is horizontal. Using 
(|4.1|) . we have fi — (j)fi(B {^}- For any horizontal vector field X we put 

(4.15) (j)X = BX + CX, 

where where BX 6 r(keri^,) and CX e r(^). 

Now we suppose that V is vertical and X is horizontal vector field. Using above 
relation and (13. 2p we obtain 

gM{^V,CX)^0. 

From this last relation we have gN{F^:(f)V, F^CX) — which implies that 

(4.16) TN = F^{(t>(keTF,))®F^{^l). 

Theorem 7. Let M{(j),^,ri, gm) be a Sasakian manifold of dimension 2m+l and (N, g^) 
is a Riemannian manifold of dimension n. Let F : M{(l),^,r], gM) — > (-^, ffAf) be an anti- 
invariant Riemannian submersion such that (ker F^,)-^ = </iker © {C}- Then m + 1 = n. 

Proof. We assume that J/i, C/^ be an orthonormal frame of r(ker F^), where fc = 2m — 
n + 1. Since (kerF*)-*- = (/)kerF* © {^}, (pUi, (pUk, ^ form an orthonormal frame of 
r((ker F*)-*-). So, by help of (j4.3p we obtain k — n — 1 which implies that ni+1 = n. □ 

Remark 3. We note that Example 3 satisfies Theorem 7. 

From (|3.ip and (|4.16l) we obtain following Lemma. 

Lemma 5. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold 
M{(j),^,ri, gm) to a Riemannian manifold {N,gN). Then we have 

BCX = 0, 

^ c^x + 4>BX 

forX e r((kerF,)^). 

Using p.3p one can easily obtain 

(4.17) VxY = -^Vx^Y + r]iVxY)^~r,(Y)^X 
for X,Y e r((kerF,)-L). 

Lemma 6. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold 
M[cj),^,ri, gm) to a Riemannian manifold {N,gN). Then we have 

(4.18) BX = -Ax^, 



(4.19) 



Tc/C = 0, 
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(4.20) 5mMxC>C^)-0, 

(4.21) 5M(Vy^xe, <PU) = -9m{AxL MyU), 

(4.22) 5Af(VxCr, cj)U) = -9m{CY, MxU), 
for X,Y e r((keri^,)-L) and U £ T{keTF^). 

Proof. By virtue of ([23), (EH) and we have dHH]). Using (HH) and dSl]) we 

obtain (I4.19p . Since AxS, is vertical and (pU is horizontal for X e r((kerF,)-'-) and 
[/ e r(kerF*), we have (|430|) . Now using (|4:20|) we get 

5Af(Vy^X^,0C/) = -.9Af(^xe, Vy<?!>L/) 

for X,r e r((kerF,)-L) and U e r(keri^,). Then using dST]) and ([231) we have 

Since ^(VVyL/) G r((keri^,)-L), we obtain gSU- 
From (|4.ip we get 

5M(Cr,0[/) =0. 

From this relation 

= gM{^xCY,cj)U)+gM{CY,\/x<l)U) 

^ ,9M(VxCy, 0(7) + .gM(Cr, 0Vx{/) 

^ gMiVxCY, cj)U) + gniCY, ^{AxU)). 
Hence we obtain (|4.22p . □ 

We now study the integrability of the distribution (keri^*)^ and then we investigate 
the geometry of leaves of keri^, and (kerF*)^. 

Theorem 8. Let F be an anti-invariant Riemannian submersion from a Sasakian man- 
ifold M{(f),^,ri^ g]\{) to a Riemannian manifold (N,gN)- Then the following assertions 
are equivalent to each other; 

i) (keri^*)^ is integrable. 
ii) 

gN{{VF^){Y,AxO.F.W) = gN{{VF^){X,AYO.F.W) 

+5m(CX, cI^AyV) - guiCY, MxV) 

+gM{Axt V)v{Y) - guiAy^, V)f]{X). 

Hi) 

gAiiAxAvC - AyAx^, 0T/) = +gMiCX, MyV) - gmiCY, 4>AxV) 

+gM{Ax£., V)ri{Y) - gMiAvL V)ti{X) 
for X,r g r((kerF»)^) and V £ r(keri^,). 

Proof From (HTT5)) . (|iTfl) and we have 

(4.23) gMi^xY, V) = gui^xCY, <j)V) - gMiVxAy^ <I)V) + gniAxt V)v{Y) 
for X,Y e r((kerF*)^) and V £ r(ker i^,). Using (jiT^I) in (14231) we obtain 

gni^xY, V) = gAii^xCY, (bV) - gAiiAyC. MxV) + gAi{AxC, V)7j{Y) 
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By help (|4.21|) and (|4.22|) . the last relation beeomes 

gmiyxY, V) = -gAiiCY, MxV) - gAiiVxAr^, + guiAx^, V)7jiY) 
Interchanging the role of X and Y, we get 

gMi^yX, V) - -gAiiCX, MyV) - gA/(Vy^xC, ^V) + 5m (^fC, V)r]iX) 
so that combining the above two relations, we have 

gMi[X,Y],V) = gMiyYAxt^V)-gM{VxAY^,^V) 
+5m(CX, MyV) - guiCY, MxV) 
+gM{Ax^, VMY) - gMiAy^, V)fi{X). 
Since differential preserves the lenghts of horizontal vectors we obtain 

gMi[X,YlV) = gN{F,VYAxLF,4>V)~gN{,F,VxAYi,F,cpV) 
+gM{CX, c^AyV) - guiCY, c^AxV) 
+gM{Axi, V)'n{Y) - guiAvi, V)'n{X). 

Using (I2.12P we have 

gM{[X,Y],V) = gN{-{^F,){Y,AxO,F.W)~gN{~{^F,)[X,AYO,FAV) 
+gM{CX, MyV) - gmiCY, MxV) 
+gM{AxL VMY) - gMiAvt VHX). 

which proves (i) <^ (ii). 

On the other hand using ()2.12p we get 

(VF,)(y,SX) - {\/F,){X,BY) = -F,{\/yBX - VxBY). 

Using (P?7)) and (|i?T51) we obtain 

gNi~F,iAYAxi-AxAYO,F,(l)V) = gMiCX^MyV) - gM{CY,MxV) 

+gM{AxL VHY) - gMiAY^, VHX). 

which tells that (ii) (iii). □ 

Remark 4. We assume that (keri^*)^ = 0ker _F!,, © {^}. Using 114. 15\ ) one can prove that 
CX = 0. 

Theorem 9. Let M((j),^,ri, gAi) be a Sasakian manifold oj dimension 2m,+ l and {N , g n) 
is a Riemannian manifold of dimension n. Let F : M{(j),^,r], gAi) — > (N,gN) be an anti- 
invariant Riemannian submersion such that (keri^*)^ = 0keri<"* © Then (keri^*)^ 
is not integrable. 

Proof. From (I3.2p it follows that 

0(Vxy) = VxBY - g{X, Y)i + t^{Y)X 

for X, F G r((ker F*)-'-) .Interchanging the role of X and Y, we get 

4>{VyX) = VyBX - g{X, Y)C + v{X)Y 

so that combining the above two relations, we have 

Y]) = VxBY - VyBX + r]{Y)X - r]{X)Y. 

Using (I2J1), dill), (|4A8l) and (031) one obtains 

Y]) = AxBY - AyBX + WxBY - VVyBX + R{X, Y)^ 
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If (ker_F*)^ is integrable we have 

(4.24) R{X, Y)^ = AxAy^ - AyAxC 

On the otherhand, we know that if 7^ = (kerF*)-'- is integrable then ^ = 0. Hence the 
last relation led to the contradiction with (13.41) . □ 

From ()2.8|) and ()3.6|) . we can give following Theorem. 

Theorem 10. Let M{(j)^^,ri,gM) be a Sasakian manifold of dimension 2m + 1 and 
{N,gN) is a Riemannian manifold of dimension n. Let F : M{(j)^S^,rj^ qm) {N,gN) 
he an anti-invariant Riemannian submersion such that (/i(ker_F!,,) C (ker i*"* ) . Then 
(kerF*)-*- does not define a totally geodesic foliation on M. 

For the distribution ker , we have; 

Theorem 11. Let F he an anti-invariant Riemannian submersion from a Sasakian man- 
ifold M{(l),^,r],gM) to a Riemannian manifold (N^g^). Then the following assertions 
are equivalent to each other; 

i) (kerF*) defines a totally geodesic foliation on AI. 

ii) gNi\'F^)(y, F^(f)W) =0 for X G r((kerF,)^) and V,W e r(kerF*). 
Hi) TvBX + AcxV e r(^). 

Proof Since gM{W,X) = we have gAf(VyW^,X) ^ --g{W,\/vX). From and 
(05l) we get 5m(VvVF,X) = -gMiW.'^vBX) - gMiW.VvCX). Using ^ and 
(|2.6p we obtain (7M(VyVF, X) ~ —gM{(t>W^Vv4>X). Then Riemannian submersion F 
and (|2.12l) imply that 

9m{VvW, X) = gxiFAW, {VF,){V, 4>X)) 
which is (i) <^ {ii). By direct calculation, we derive 

gN{F,W.{^F,){V,^X)) = -gMiW.^v^X). 

Using (|4.15p we have 

gN{F,4>W, {VF,){V, 4>X)) = ~gM{4>W, VyBX + VyCX). 

Hence we get 

gN{F,W, (VFO(V^, ^X)) = -gmiW. ^vBX + [U, CX] + VcxV). 
Since [V,CX] e r(keri^,), using (^3]) and (^71) . we obtain 

gN{F,<j)W,{VF,){V,(bX)) = -gM{(^W,TvBX + AcxV). 
This shows {ii) <^ {Hi). □ 

Corollary 3. Let F : M{(j),^,ri^g]\i) — {N,gN) be an anti-invariant Riemannian sub- 
mersion such that (ker i^,)-*- = (pkei F^,®{£^}, where M{(j), ^, rj, gM) is a Sasakian manifold 
and {N,gj^) is a Riemannian manifold. Then following assertions are equivalent to each 
other; 

i) (ker_F!,) defines a totally geodesic foliation on M. 

ii) {VF^){V,(t>X) = 0, for X e r((keri^,)^) and V,W e T{keTF^). 
Hi) TvW = 0. 
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Theorem 12. Let F : M((j),^,ri, gM) (N^gN) be an anti-invariant Riemannian sub- 
mersion such that (kerF*)^ — <j)ker F^:®{£^}, where M{(j), ^,ri, gM) is a Sasakian manifold 
and {N,gN) is a Riemannian manifold. Then F is a totally geodesic map if and only if 

(4.25) rwfl^V^O, y W, V eT(keTF^) 
and 

(4.26) Ax4>W^0, VX e r((kerF*)^),VVK e r(kerF,). 

Proof. First of all, we recall that the second fundamental form of a Riemannian submer- 
sion satisfies (|2l3l) . For W, V e r(kerFH.), by using ([231), ([2J2l) and (|331) we get 

(4.27) iVF,){W, V) = F.icj^rwW)- 
On the other hand by using (I2.12p and (|3.3|) we have 

{\7F,){X,W)^F,i(bVxW) 
for X e r((kcrF*)-L). Then from dM]), we obtain 

(4.28) {\7F,){X,W) ^ F,{(j)AxW - 9{W,c^X)^). 

Since (j) is non-singular, proof comes from (I4.27p . (|4.28l) and (I2.13p . □ 

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian 
submersion such that (kerF,)"'~ = (pkei F^, © {^} to be harmonic. 

Theorem 13. Let F : M{(j),^,ri, g^) — > {N,gN) be an anti-invariant Riemannian sub- 
mersion such that (kcr i^*)-*- — (/)ker where M{(j), ^, 77, gi\i) is a Sasakian manifold 
and (N^gx) is a Riemannian manifold. Then F is harmonic if and only if Trace(j)Tv = 
/or y G r(keri^*). 

Proof. From [5] we know that F is harmonic if and only if F has minimal fibres. Thus 

fc 

F is harmonic if and only if T^^e^ = 0, where k is dimension of kerf* . On the other 

i=l 

hand, from (^3]) . (1^ and ([53)1 we get 

(4.29) TvW = (j)TvW 
for any W,V € r(kerF»). Using dOi), we get 

fe k 

^9M{Tei(l)ei,V) ^ ~^gM{Teie^,(j)V) 
1=1 1=1 

for any V £ r(kerf,). (|2.10p implies that 

fc fc 
^9M{(l>ei,Te,V) ^^gM{Te,ei,(j)V). 

i=l i=l 

Then, using (|2.3p we have 

fc fc 
^gM{<l>et,Tv et) = ^gM{Te,e.i,(j)V). 

i=l i=l 

Hence, proof comes from (13. 2p . □ 
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